We explicitly identify infinitely many curves which are quotients of Fermat curves. We show that some of these have simple Jacobians with complex multiplication by a non-cyclotomic field. For a particular case we determine the local zeta functions with two independent methods. The first uses Jacobi sums and the second applies the general theory of complex multiplication, we verify that both methods give the same result. r 2004 Elsevier Inc. All rights reserved.
Introduction
In [5, 8] , we studied a method for constructing CM-hyperelliptic curves of genus 3 and CM-Picard curves suitable for cryptography. The construction in the cited articles was done by computing approximations of the invariants of the curves (that are rational functions of theta constants) using a computer. Although these methods give cryptographically interesting examples of curves defined over F p ; we do not have a rigorous mathematical proof that they really have complex multiplication with the stated CM-field.
In this paper, we show that some of the examples given in [5, 8] are obtained as quotients of Fermat curves, and that they indeed are Jacobians of the stated CM type.
It seems that the algebraic curves whose Jacobian is a simple factor of Jacobians of Fermat curves are not completely known. We give a sequence of such curves as cyclic d-gonal curves in Section 2.
In a special case, we find a Picard curve whose Jacobian has complex multiplication with the CM-field Qðz 3 ; z 7 þ z À1 7 Þ: We compute the local zeta functions for this curve by two different methods: with Jacobi sums based on a result in [4] (Section 3) and by Hecke characters (Section 4). It is very well known that both methods give the same result and we verify this explicitly in Section 4.8.
Fermat quotient curves

2.1.
We study an algebraic curve C d;n;k : y d ¼ x k ðx ndÀ2k þ 1Þ; nX1; d4kX0; nd À 2k40 ð2:1Þ induces the quotient map p 0 : X d;n;k -P 1 ¼ X d;n;k =/rS: Then the following diagram is commutative.
ð2:2Þ
where e is the quotient map by the action of t; and g is defined by x/x þ x À1 : Moreover we have ts ¼ s À1 t; so s þ s À1 commutes with t on the Jacobian JðC d;n;k Þ: Therefore, we see that Lemma 2.1. We have an automorphism r on X d;n;k and an endomorphism s þ s À1 on JðX d;n;k Þ:
Let us write down an equation of X d;n;k : Let B d;n;k be the set of roots of x ndÀ2k þ 1 ¼ 0: Because the restriction of e over P 1 À f71g gives an e´tale double cover Proof. If n is even, each element in the fiber p À1 ðÀ1Þ is fixed by t: So we have a ¼ 0 in this case. Now let n be an odd number. If d is odd, À1 is a branch point of p and gðB d;n;k Þ consists of À2 and other ðnd À 2k À 1Þ=2 points. Because the branch divisor of p 0 has the multiplicity k at N; the degree of the branch divisor is
and this must be divided by d: So a mod d is uniquely determined, and we see that a ¼ ðd þ 1Þ=2 satisfies this condition and d4aX0: The same argument works for the case that d is even. & Next let us consider the polynomial Q ðX À x i Þ: This is defined over Z since this is a product of minimal polynomials for algebraic integers in the real subfield of cyclotomic field.
To compute this polynomial, let us consider the rational functions u n ðxÞ ¼ x n þ x Àn : These are determined inductively by u nþ1 ðxÞ ¼ X Á u n ðxÞ À u nÀ1 ðxÞ; where X ¼ x þ x À1 : Therefore, we can regard u n ðxÞ as a polynomial in X and we denote this by U n ðX Þ: Namely, U n ðX ÞAZ½X is the monic polynomial of degree n determined by the relation
3) is given by U ðndÀ2kÞ=2 ðX Þ if nd À 2k is even, and by V ðndÀ2kÀ1Þ=2 ðX Þ if nd À 2k is odd where V m ðX ÞAZ½X is the monic polynomial of degree m defined by
Proof. In the case of nd À 2k ¼ 2m; the assertion follows from that
Next, let us consider the case of nd À 2k ¼ 2m þ 1: We have
On the other hand, we have 
changing orders if necessary. Also the automorphism r : ðx; yÞ/ðÀx; z 4 yÞ induces an action on X 2;pþ1;1 ; and we see that r and m give a simple CM-type, that is
In the case of p ¼ 7; the curve X 2;8;1
is found in . Example 2.2. Next, we consider the hyperelliptic curve C 2;n;0 : y 2 ¼ x 2n þ 1 for an odd number n ¼ 2m þ 1: Let C n be the hyperelliptic curve defined by y 2 ¼ x n þ 1: Then we have a morphism p : C 2;n;0 -C n ; ðx; yÞ/ðx 2 ; yÞ and a decomposition H 0 ðC 2;n;0 ;
Let us take a base 
gives an example of a Picard curve (see [3] ) of CM-type. The Jacobian has the endomorphism ring
we obtain a smooth model
ð2:6Þ
In [5] , we found a Picard curve 
3.1.
We would like to compute the local zeta-function
for the curves C 3;3;1 given by Eq. (2.5) and X 3;3;1 given by Eq. (2.6) at primes pa3; 7:
It is well known that we can write
where L C 3;3;1 ðtÞ resp. L X 3;3;1 ðtÞ is the L-polynomial of C 3;3;1 resp. X 3;3;1 : The reciprocal of the L-polynomial of a curve is the characteristic polynomial of the Frobenius endomorphism on its Jacobian. It is well known that the L-polynomial of a curve C is of degree 2g and has a special form, i.e. it satisfies
AZ½t with a 2gÀ1 ¼ p gÀi a i for 0pipg and a 0 ¼ a 2g ¼ 1: It is therefore determined by the g coefficients a 1 ; y; a g which can be determined from the number of points #CðF p r Þ for r ¼ 1; y; 7:
Let S r ¼ #CðF p r Þ À ðp r þ 1Þ and a i be the undetermined coefficients. We have
In this section, we compute L C 3;3;1 and L X 3;3;1 using Jacobi sums. For aAF q ; we set
Let w be a character on the finite field F q : The Gauss sum (resp. Jacobi sum) is defined by
We have the relation
Some Jacobi sums are easy to compute. We are now going to compute the number of points on C 3;3;1 ðF q Þ over finite fields F q : We reduce our problem to counting the number of points of curves of the form
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2 ¼ a 3 : These curves have already been considered by Davenport and Hasse [2] . Lemma 3.2. Let q be a prime power.
We distinguish two cases: (a) p 1 mod 3: Then
where 
where
Since qc1 mod 7; the map t-t 7 is an isomorphism and we are looking for the points on the affine part of the elliptic curves E Z 1 Z 2 given by Z
For an elliptic curve defined over a prime field F p ; the number of points over F p r is already determined by #EðF p Þ:
If pc1 mod 3; all three elliptic curves obtained from A 11 ; A xx 2 and A x 2 x are supersingular. Hence, #C 3;3;1 ðF q Þ is equal to the number of points of a supersingular elliptic curve. Now assume that p 1 mod 3: We apply the technique explained in [7, Section 10.3] .
Embed F p into Z½z 3 =ðpÞ where pAZ½z 3 is an element above p satisfying p 1 mod 3: Let w be the character of order 3 given by the cubic residue symbol ð : p Þ 3 : We get 
where t x ðcÞ ¼ À P aAF q cðaÞe x ðaÞ:
We deduce Hence, 
The Galois group of the field extension Qðz 21 Þ is generated by two elements A; B of order six resp. two, say z Let us consider the Jacobi sum Jðc 7 ; cÞ more closely.
Theorem 3.2. Let q ¼ p r 1 mod 21 and let c be a character of order 21 in F q : Suppose that n is the smallest integer such that p n 1 mod 21:
(1) The absolute value of every Jacobi sum is ffiffi ffi q p :
(2) There exists a prime ideal p above p in Z½z 21 such that we have the following prime ideal decomposition:
where A and B have been defined in the proof of Theorem 3. 
2. Suppose p 10; 19 mod 21:
Proof. Proof. 1. The reciprocals of the zeros of the L-polynomial are the numbers a j of absolute value ffiffi ffi p p such that
We have
The first equation follows. The Jacobian over Q has a factor of dimension 6 (see Example 2.3). Since this factor has CM by
The conditions on Z follow from Theorem 3. where f even ðtÞ is an even polynomial.
Set Z 2 ¼ Jðx 7 ; xÞ as in Theorem 3.1. We have f even ðtÞ ¼ gðt 2 Þ where gðZ 2 Þ ¼ 0: Since the Jacobian over Q has a factor of dimension 6 with CM by K; every root of f even ðtÞ lies in K:
The conditions on Z follow from Theorem 3.2. &
The next theorem summarizes our results on the L-polynomial of C 3;3;1 and considers the L-polynomial of the curve X 3;3;1 : Theorem 3.3. Let K be as above and pa3; 7 be a rational prime. If p splits in Qðz 3 Þ; let pAZ½z 3 such that p % p ¼ p and p 1 mod 3: Moreover, define k mod 3 as in Eq. (3.3) . Set Proof. This follows easily from the local L-series of C 3;3;1 : For (3), p 10; 19 mod 21 and (4), p 13 mod 21 we use the fact that the local L-series evaluated at 1 gives the order of group of F p -rational points on the Jacobian which must be divisible by 27 (see also Remark 4.6). This tells us which factor of L C 3;3;1 ðtÞ we have to take. &
4.
The Hecke character of X 3;3;1
4.1.
It is well known that the L-function of an abelian variety with CM is the Lfunction of a Hecke character (cf. [6] ). In particular, if the abelian variety is the Jacobian of a curve, one finds the number of points on that curve over finite fields with very little effort. We will determine the Hecke character associated to A ¼ JacðX 3;3;1 Þ explicitly and use it to determine the zeta function of X 3;3;1 : The values of the Hecke character are essentially Jacobi sums, and we already considered that point of view in the previous section.
4.2.
A basis of H 0 ðX 3;3;1 ;
The automorphism of order three ðx; yÞ/ðx; z 3 yÞ acts as diagðz x; z 7 yÞ; thus m acts as diagðz
7 Þ: These endomorphisms of A generate a ring isomorphic to the ring of integers
thus K is CM field of degree 6 over Q with totally real subfield K 0 ¼ QðaÞ: The minimum polynomial of a is X 3 þ X 2 À 2X À 1: Let Sq ¼ f1; 4; 2gCðZ=7ZÞ Ã be the subgroup of squares, then the Galois group
Embedding K+C by z 7 /e 2pi=7 ; the set of complex embeddings of K is identified
The CM type of A is then the subset 
4.4.
The Hecke character w of K which describes the action of GalðQ=KÞ on the first e´tale cohomology group of A is a homomorphism We will determine c explicitly using these conditions.
4.5.
To determine the w Y we note that any homomorphism ðO K =Y 
where e is either trivial or is onto f71g and eðxÞ ¼ eðx 
and the character e is non-trivial.
Proof. To determine e and k; l; m; n 1 ; n 2 from 4. hence n 1 Àn 2 mod 2 and n 1 Àn 2 mod 3; hence n 1 Àn 2 mod 6; so we may take n 2 ¼ Àn 1 from now on. Next, we consider
We can also use the action of the Galois group to get restrictions on c: Finally, we can use explicit computations to determine c: We considered some primes p 1; 13 mod 21 which split completely in O K : Let Y be prime dividing such a p; then we have Taking p ¼ 43; we counted points and found N 43 ¼ 62: We also found that 1 À a À z 3 has norm 43 hence generates a prime ideal Y dividing 43. Therefore, we must have tr K=Q ðcð1 À a À z 3 ÞÞ ¼ À18:
On the other hand, computing the character gives cð1 À a À z 3 Þ ¼ ðÀ1Þz ÀkÀlÀm 3 ðÀz 3 Þ 2n 1 þ4n 2 ðÀ4 À a þ 3a 2 þ ðÀ9 À 2a þ 3a 2 Þz 3 Þ:
Here, we must have that the trace of cð1 À a À z 3 Þ is À18: Using the previous results, this is the case iff z lþn 1 3 ¼ 1; hence l þ n 1 0 mod 3; using also n 1 1 mod 3 we get l 2 mod 3 and n 1 ¼ 1 or n 1 ¼ 4 mod 6: Using the prime Y ¼ ða þ z 3 Þ over 13 and N 13 ¼ 8 we found that n 1 ¼ 4 and n 2 ¼ 2; which completes the determination of c: &
Remark
The Y 3 -torsion points A½Y 3 of A form a subgroup of AðKÞ isomorphic to O=Y 3 ðDF 3 3 ). The divisor class a ¼ P À Q; where P ¼ ð0; 0Þ; Q ¼ ðx 0 ; 0ÞAX 3;3;1 ðKÞ; with x 0 a0; is a non-trivial element in this group. Using the O K -action on A we see that all points of A½Y 3 are indeed rational over K: This implies that Fr Y 1 mod Y 3 for any prime of Y of good reduction.
4.7.
To determine the local zeta function of X 3;3;1 at the prime p; it suffices to give the eigenvalue polynomial P p AZ½T of the Frobenius F p : x/x p ; in fact: 
